1. The object of this paper is to construct Hadamard designs for the parameters (1.1) v = 4m2 -I, k = 2m2-l, X = m2 -1, » = m2
where both 2m+l and 2m -1 are prime powers.
2. Let GF(pl) be the Galois field of pl elements and let x he a primitive element of the field. We shall denote the additive group of the field by F, the sets containing the odd and even powers of x by Cp, Ce respectively, and the set consisting of the single element o by C so that Proof. The aggregate C0Ce consists of the elements x^ + x2' (r, s -1, 2, •-.,<* -D/2).
If jc^x2---^*2' then 3ci;+i = a:2r-1+<+Ä:2,+< and one of 2f-i+*, 2s+i is even and the other odd for all ». It follows that all elements xk have the same number of representations as the sum of an odd power and an even power of x. Moreover, since xip _1'2= -1, and (pl-l)/2 is even by hypothesis, -1 belongs to Ct and hence the negative of every element of C, belongs to C, so that CoC, does not contain the element o. It follows that Proof. The proof is exactly as in Lemma 1 except that in this case -1 is in Co so that C0 consists of the negative of the elements of C, and hence pl-1
CoC. = -,-C + a(Co + C.)
where a is determined by equating the number of terms on either side.
3. We are now in a position to construct the designs in question, or equivalently to construct difference sets with the parameters (1.1).
Theorem
1. Let 2m+l = pr, 2m -1 -q" where p, q are primes. Let
Fp, Fq be the additive groups of the Galois fields GF(p'), GF(q") respectively and let G=(FP, Fq) be the direct-product of Fp, Fq. Let Cv, Cp,0,
Cp,e; Cq, Cq,0, Cq,edenote the sets consisting of the zero element only, the odd powers of the primitive element and the even powers of the primitive element respectively of Fp; Fq. Then the set S consisting of the pairs
is a difference set in G.
Proof. Let us write
A \t^p "r Cp,o, Cgl0j,
We shall consider the two cases pr = ± 1 (mod 4) separately.
Case (i). Letpr = l (mod 4). Then qs = pr-2= -1 (mod 4). Hence is the Jacobi symbol, and
(ii) the residue classes pz (mod pq), if p = 1 (mod 4), or the residue classes qz (mod pq) if q = 1 (mod 4), is a difference set in the additive group of residues (mod pq), having the parameters v = Am2 -1, k = 2m2 -1, X = m2 -1, n = m2.
Proof. Any prime residue class z (mod pq) can be written in the form z = px + qy where x and y are prime residue classes (mod q) and (mod p) respectively. Now ( A\ = (px + qy\ (px + qy\ " -(f)(S)-(î)(7)(fXf)-(7Xf> since one of p, q is of the form 4/ + 1. Hence W if and only if either both x, y are quadratic residues or both nonresidues mod q, mod p respectively. It follows that in the decomposition of the additive group of residues z (mod pq) into the direct product of the additive groups of residues (mod q) and (mod p) respectively defined by z-*(y, x), the set of residues z (mod pq) for which w goes into the union of the sets \,Lp,oj ^q,o), \^p,e, tg,ej where Cp,e, Cp,0 are the sets of quadratic residues, nonresidues, respectively of p and Cq,e, Cq,0 are the sets of quadratic residues, nonresidues respectively of q.
Under the correspondence pz (mod pq) goes into (0, z) :
and qz (mod pq) goes into (z, 0) :
qz->(z, 0).
It follows that the whole set of residues pz (mod pq) corresponds to the set (Cp, r q) and the set of residues qz (mod p) corresponds to the set (Fp, Cq) where Fp, Fq are the additive groups of residues mod p, mod q respectively and Cp, Cq are their subsets consisting of their zeros only. Thus the set 5 in the theorem corresponds to the union of (t^p "T~ t^pl0, ^q,o), V^P I ^P.e, ^q,e), \^P) ^q)
in case p = l (mod 4), and to the union of in case q = l (mod 4) which is, in either case, a difference set in the group (FP, Fq), by Theorem 1. The set 5 is therefore itself a difference set in the additive group of residues (mod pq).
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